The cowpea chlorotic mottle virus (CCMV) has a protein cage, or capsid, which encloses its genetic material. The structure of the capsid consists of 180 copies of a single protein that self-assemble inside a cell to form a complete capsid with icosahedral symmetry. The icosahedral surface can be naturally divided into pentagonal and hexagonal faces, and the formation of either of these faces has been proposed to be the first step in the capsid assembly process. We have used the software FIRST to analyse the rigidity of pentameric and hexameric substructures of the complete capsid to explore the viability of certain capsid assembly pathways. FIRST uses the 3D pebble game to determine structural rigidity, and a brief description of this algorithm, as applied to bodybar networks, is given here. We find that the pentameric substructure, which corresponds to a pentagonal face on the icosahedral surface, provides the best structural properties for nucleating the capsid assembly process, consistent with experimental observations.
Introduction
The life cycle of a virus that results in productive infection generally consists of four steps:
(1) entry into a host cell and release of the viral genetic material from the viral packaging, (2) reproduction of the viral genome and production of new packaging proteins, (3) assembly of new virus particles in which copies of the viral genome are repackaged, and (4) release of the new virions from the cell.
The details for each step vary widely depending on the specific virus and are in many cases unknown, a fact that limits development of broad-spectrum anti-viral therapies. However, some systems, such as influenza and the human immunodeficiency virus (HIV), have been studied in great detail. One such system that has been well studied is the cowpea chlorotic mottle virus (CCMV). A member of the Bromoviridae family, CCMV is quite simple compared to other viruses, and has provided a model system for exploring various stages of the virus life-cycle. In particular, there is a wealth of experimental information pertaining to the assembly of the new virions inside the infected cell. This assembly process can be quite complicated, as it involves concurrently building a small package out of proteins, known as the capsid, and placing the genetic material of the virus inside this capsid. In the case of CCMV, the capsid is composed of 180 copies of a single protein that are symmetrically arranged to form an icosahedron ( figure 1(A) ).
There are several experiments that have led to our current understanding of how the CCMV capsid assembles. Perhaps the most important has been the determination of the structure of the completely formed capsid by using a combination of electron microscopy and x-ray diffraction techniques [1] . Figure 1 shows the complete capsid (pdb code: 1cwp), which has a diameter of ∼280 Å, along with a schematic diagram illustrating the icosahedral symmetry. Additional experiments have provided insight into the assembly mechanism. Adolph and Butler [2] showed that the capsid protein can be isolated as a stable homodimer, and it is this dimer that represents the smallest 'building block' during CCMV capsid assembly. Subsequent studies of assembly in vitro by using light scattering suggest that the first step in the assembly process is the formation of a pentamer of dimers [3] . The absence of any other stable substructures early in the assembly process led to the conclusion that the pentamer of dimers is the nucleation structure for capsid assembly.
In this paper we present a theoretical analysis of CCMV capsid assembly. We show how the changes in the structural flexibility that occur when two substructures assemble qualitatively favour a pathway that begins with the pentamer of dimers binding a free dimer, consistent with experiment. Structural flexibility is measured by using the program FIRST ('floppy inclusions and rigid substructure topography'), which maps the chemical bonding information of the protein onto a generic 3D graph, in which the edges represent distance constraints between atoms. This graph is then decomposed into rigid and flexible regions. Since the number of atoms in viruses can become quite large, an improved version of the pebble game algorithm that requires less memory and runs more efficiently is implemented. These improvements are made possible by completely representing the molecular structure as a body-bar network. The new implementation of FIRST eliminates the use of ghost atoms to model hydrophobic constraints, and thus helps facilitate the analysis of networks containing millions of atoms, important in the study of viruses and other supramolecular assemblies.
Methods

FIRST flexibility analysis and the 3D pebble game
The program FIRST performs two general tasks. The initial step is to read in structural and chemical information for a protein, such as can be found in any x-ray crystal structure (available via the Protein Data Bank [4] ). Processing this information yields a mechanical representation of the protein as a set of constraints on the distance between atom pairs. The second step performs an analysis on this distance constraint network using the 3D pebble game algorithm to identify regions that are overconstrained (hyperstatic or stressed), isostatically rigid, or underconstrained (hypostatic or flexible). This information is then mapped back onto the protein structure (now protein assembly). Earlier versions of the 3D pebble game used the bar-joint representation in which atoms are points with three degrees of freedom, whereas more recent implementations has used the body-bar representation in which the atoms are bodies with six degrees of freedom. These are believed to be equivalent as discussed in more detail below.
The details of how FIRST generates a network of distance constraints have previously been described [5, 6] . The resulting 3D network of distance constraints represents pairs of atoms that are at fixed distances from each other. The mathematical analysis of structural rigidity in such networks dates back to Maxwell [7] . In 1970 an important theorem by Laman [8] was established that provides combinatorial criteria for identifying independent constraints in 2D generic bar-joint networks. On the basis of Laman's theorem, efficient and exact algorithms for 2D graphs that test for network rigidity have been developed, the most popular being the 2D pebble game [9] where the atoms are represented as points that have two degrees of freedom. An analogous 3D bar-joint pebble game was constructed for a limited class of generic bondbending networks [10] , where now the atoms represented as points have three degrees of freedom. The original impetus for the 3D pebble game was to study rigidity percolation in million-atom 3D covalent glass networks [11] .
In formulating the 3D pebble game, a connection was made [10] to earlier work from the 1980s by Tay [12] and Whiteley [13] on the 'molecular framework conjecture'. The molecular framework conjecture provides a mathematical scaffold for representing molecular structure as a body-bar framework for identifying independent constraints, similar to Laman's theorem. A 3D pebble game was constructed for the body-bar representation, and (unpublished) extensive direct comparisons showed that the two kinds of 3D pebble games produce identical results when local rigid clusters of atoms are represented as bodies with six degrees of freedom. Although it is a pity that proofs are still unavailable, there is overwhelming supporting evidence that the algorithms for the two versions of the 3D pebble game are equivalent and exact. The body-bar representation was discussed in prior publications [10, 11, 14] , and the 3D pebble game used in the program FIRST incorporates the body-bar implementation. Over the years, many extensions to FIRST have been made. In particular, hydrophobic constraints were modelled using extra 'ghost' atoms [15] . An undesirable consequence of adding ghost atoms is an increase in the effective size of the network. With recent application of FIRST to viruses, it has become prudent to eliminate ghost atoms. We present an improved modelling scheme using a (body-bar) 3D pebble game as it is currently implemented in FIRST (http://flexweb.asu.edu).
In the body-bar representation, rigid bodies, each having six degrees of freedom, define a set of vertices, and the set of generic bars that connect those bodies defines a network. The most essential element of any pebble game algorithm is the test for an independent constraint. Moreover, the identification of the set of independent constraints across the entire network is determined in a recursive fashion by building the network up by placing one constraint (bar) at a time. Part of this procedure requires basic operations such as pebble covering and pebble rearrangements. These basic pebble operations are common to all kinds of pebble game algorithms for which details can be found elsewhere [10, 11, 14, 16] . Now, each vertex is assigned six pebbles representing the three translations and three rotations associated with rigid body motions. Next, in arbitrary order, a stack of constraints is defined in the order in which they are to be placed in the network, as is done in the 2D pebble game [16] . A constraint can consist of 1-6 bars. Working down the stack, one constraint at a time, the following series of tests is applied [14] . Note that six constraints between two bodies lock the two bodies with respect to each other, so having more than six constraints would be redundant (and hence unnecessary).
The 3D body-bar pebble game algorithm: A peptide bond is mapped to a constraint with six bars, which prohibits dihedral rotation. (C) A hydrophobic tether, which previously required ghost atoms to account for their limited effect on the rigidity of a protein structure, is now mapped to a constraint with two bars. In all cases, the length of the bars does not affect the results, as all constraints are generic.
(7) If more constraints remain to be placed, return to step (1); otherwise the procedure is finished.
As in the bar-joint (2D or 3D) pebble game [11, 14, 16] , here the pebble data structure only accounts for independent constraints. Overconstrained regions (or Laman subgraphs) are recorded (and merged with previously recorded regions) with an additional data structure as soon as they are identified, as described previously [11] . The condensation process is implemented by using the minimum vertex label within a Laman subgraph to replace all other vertex labels that belong within the same Laman subgraph. In practice, applying condensation of overconstrained regions allows the algorithm to perform nearly linearly with the number of vertices. Details pertaining to step (2) and the process of condensation in step (6) can be found elsewhere [10, 11, 14] . Correlated motions are determined in the same way as described previously [11] . This algorithm gives identical results to the bar-joint 3D pebble game for the number of independent degrees of freedom (floppy modes), rigid cluster decomposition, overconstrained regions, and correlated motions. Its advantage is that it is easier to implement and runs approximately 30% faster on identical input molecular structures. Moreover, the body-bar 3D pebble game couples to the molecular conjecture of Tay [12] and Whiteley [13] which is therefore invoked as the physical modelling scheme for representing molecular interactions. Molecular interactions are represented as b-bars, where 1 b 6, between objects having six degrees of freedom, or even objects with less than six degrees of freedom as discussed in the physics literature [10, 11, 17] . We restrict ourselves to having exactly six pebbles associated with each atom, as this has an easy physical interpretation. Figure 2 shows the correspondence between the bar-joint and body-bar pictures for the interactions currently modelled in FIRST. For this set of interactions, the difference between these two pictures is only in perception. However, once the body-bar picture is adopted, a faster algorithm and more freedom in the way molecular interactions can be modelled result. There is the additional advantage that bars are only required between nearest neighbour bodies. The hydrophobic interaction is modelled by three pseudo-atoms in the bar-joint representation, and by two bars in the bodybar representation in figure 2(C). Only two constraints are used in the body-bar representation of the hydrophobic interaction on the right, as this allows hydrophobic atoms to be tethered locally while retaining considerable freedom of motion. The equivalence can be seen in that locking the four bonds in the bridge in the bar-joint representation of the left is equivalent to adding four additional bars to the body-bar representation on the right. In both cases a rigid link is established with no dihedral rotation allowed around a line connecting the two original atoms.
Analysis of CCMV assembly products.
Hydrogens were added to the polar atoms of the complete capsid structure by using the software WhatIf [18, 19] . The following substructures (shown schematically in figures 3(B)-(F)) were isolated from the structure of the complete capsid: (1) a hexamer of dimers, (2) a dimer from the pentamer-hexamer interface, (3) a dimer from the hexamer-pentamer interface, (4) a pentamer of dimers, and (5) a pentamer of dimers with one additional dimer bound. Buried water molecules were predicted by using the software ProAct [20] . An energy cut-off of −0.35 kcal mol −1 was used for including hydrogen bonds in the FIRST analysis. This cut-off was chosen to be consistent with the hypothesis that the inner ring of proteins in the pentamer substructure forms a large rigid region providing stability to the pentamer, while each dimer partner is independently rigid. This energy cut-off was used in all FIRST analyses presented here. figure 5 , there is no single rigid core that encompasses all of the dimers. Instead, the hexamer is non-symmetrically decomposed into five rigid clusters. Beginning with the darkest shaded rigid cluster on the right and continuing clockwise around the hexamer there are: a cluster of four proteins (darkest shade), a cluster of a single protein (medium shade), a cluster of three proteins (light shade), a cluster of one protein (medium shade) and a cluster of three proteins (light shade). The symmetry is broken due to waterprotein interactions.
Results and discussion
The results of FIRST flexibility analysis indicate which of the bonds in the protein are rigid, and which bonds are flexible. Rigid bonds that share a common vertex (an atom in this case) are grouped together to form a rigid cluster. The presence of noncovalent interactions in our model allows for rigid regions to span across the interface between to proteins. Two or more rigid regions, connected via flexible bonds, may be present in the protein, and these are referred to as independently rigid clusters. In figures 4-7 the rigid regions are shown as thick tubes, and the flexible bonds are shown as thin lines. Independent rigid clusters are given different shades of grey.
Figures 4(A) and (B) show the rigid region decomposition of the dimer isolated from the hexamer-hexamer and pentamer-hexamer interface, respectively. In the case of the hexamerhexamer dimer, both domains belong to a single rigid cluster, although the rigidity is not symmetric. For example, the loops at the top of the left-hand monomer are flexible, while they are rigid in the right-hand monomer. The result is different for the dimer from the pentamerhexamer interface, in which each domain of the dimer is independently rigid; the intervening bonds are flexible. In the two cases the amino-acid sequences are identical; however, they must have different structural environments within the context of the complete capsid.
The rigid region decomposition for the pentamer of dimers is shown in figure 5 . This result represents the baseline for the simulation, as the energy cut-off for all the FIRST analyses was The additional dimer is in the lower left side of the structure (see figure 5 for reference). The results shown that inter-protein bonds that form when the dimer binds to the pentamer cause the dimer to become part of the rigid core of the protein (dark shaded rigid region). Additionally, one of the outer ring proteins of the pentamer has become part of the rigid core. The other four outer ring proteins remain independently rigid.
chosen to produce this result. As expected, the pentamer of dimers has six large rigid regions. The five proteins in the centre of the pentamer (one from each of the five dimers) form one large rigid cluster. The remaining five domains located along the outer edge of the pentamer are all rigid, but independently of each other. Each of these regions is linked to the rigid cluster in the centre via flexible bonds.
An interesting structural feature of the hexamer of dimers (shown in figure 6 ) is the 12-stranded β-barrel that forms in the centre of the hexamer. Two strands from each of the six dimers contribute to this β-barrel, which is a stable and common motif within the set of known proteins. It was previously proposed that formation of the hexamer of dimers nucleated the capsid assembly process, in part because of the potential role that the β-barrel could play in structural stability and capsid function. It was subsequently shown that it is not the hexamer that nucleates capsid assembly in CCMV, and the flexibility results qualitatively support this conclusion. Figure 6 shows that there are four rigid regions that span across dimer-dimer interfaces; however, there is no single rigid cluster that encompasses all six of the dimers present in the hexamer. Figure 7 shows the flexibility results when the pentamer is analysed in a complex with an additional dimer building block. In this conformation, the dimer becomes part of the rigid core of the pentamer, along with one of the outer ring domains that it is in contact with.
Conclusions
The key result of these simulations is the pentamer of dimers in a complex with one additional dimer (figure 7). In this case, the extra dimer becomes locked into the large rigid core of the pentamer. This large rigid cluster serves two purposes: it maintains the proper curvature of the substructure consistent with the icosahedral shape of the complete capsid, and it provides a stable scaffold upon which additional free dimers, or even larger substructures that have the proper shape complementarity, bind. In contrast, the lack of a central structurally rigid core seen in the hexamer of dimers implies that if an additional free dimer, or other substructure, were to bind the hexamer, the complex would not form a larger rigid cluster that spanned all six dimers in the hexamer. In the absence of a rigid core, the flexibility between the dimer subunits would inhibit fast formation of the complete capsid.
The body-bar representation provides a more general way of modelling molecular interactions as distance constraints, even though at first sight this may seem strange. Within the scheme of how hydrogen bonds, hydrophobic interactions, and torsion forces have been modelled, both the bar-joint and body-bar 3D pebble games provide complete and equivalent analyses of the network rigidity.
However, the current version of FIRST (http://flexweb.asu.edu) is less restricted than before. Defining alternative distance constraint representations of molecular interactions (going beyond previous bond-bending networks) is now possible, although these alternative modelling schemes, and their consequences, will take some time to explore.
